Single photons, manipulated using integrated linear optics, constitute a promising platform for universal quantum computation. A series of increasingly efficient proposals have shown linear-optical quantum computing to be formally scalable, however, many existing schemes require active adaptive switching, difficult to achieve in a low-noise manner. In this work we overcome this, by presenting a detailed scheme to construct a cluster state universal for quantum computation, only using 3-photon GHZ states as resources and linear optical circuits with no active switching. We fully describe and model the iterative process of cluster generation, including photon loss and gate failure, observing in-built loss tolerance. This demonstrates that building a linear optical quantum computer need be less challenging than previously thought.
INTRODUCTION
In 2001, Knill, Laflamme and Milburn [1] showed that scalable quantum computation was possible using only linear optical elements -without the need for deterministic two-photon interactions. However, their proposal was more a proof of principle than a feasible construction as the scheme required tens of thousands of optical elements to acquire gates with a high probability of success. Since then, several proposals have developed the idea of a linear optical quantum computer (LOQC), including Nielsen's proposal [2] of combining linear optics with cluster states, Browne and Rudolph's fusion mechanisms [3] to efficiently create optical cluster states and Kieling's et al proposal [4] of building an imperfect cluster that can be renormalized using ideas of percolation theory. While alternative schemes for LOQC [5] using parity state encoding [6] or small amplitude co-herent states [7] have been proposed, we do not address these approaches in this manuscript.
In this paper we present a detailed account of how we can build a photonic cluster state that constitutes a universal resource for fault tolerant MBQC with linear optics. We describe the improvements on previously used optical operations, give the schematic structure of the linear optical network that will build the cluster from the resource states and show results of simulations that prove the percolation properties, the favourable scaling and loss tolerance of this scheme.
We present a scheme that ballistically generates a cluster state from 3-photon GHZ states while obtaining a very good scaling. Previous schemes required resource states with a higher number of entangled qubits [4] , the reduction to 3-photon GHZ state implies a huge advantage in terms of resources. If one were to construct a near deterministic source by multiplexing probabilistic generation methods (such as the one presented in [8] and its generalisation for the n photon case), the reduction to 3 photon saves orders of magnitude in terms of the resources needed for their construction.
As we use a ballistic approach for the building of the lattice, the scheme we propose reduces considerably the amount of feedforward needed in comparison with previous proposals and has, at most, a sublinear overhead per qubit in comparison to having perfect deterministic gates. We will concentrate on ballistic schemes to build the cluster state, and even though this means we have to deal with imperfect lattices, we prefer it to recycling schemes as these require large amounts of feedforward, which we want to minimize. In schemes with feedforward, one has to consider the extra noise and loss that the feedforward procedure has on the photons; moreover, feedforward has not been demonstrated in integrated photonics which is the target architecture for the scheme we present. The cluster state that results from our construction will have defects due to the probabilistic nature of the gates and the presence of loss, and we will use know renormalization techniques such as the ones used in [4] and [9] to obtain a universal resource from our percolated lattice.
BOOSTED TYPE-II FUSION GATE
Recent results have shown how the probability of successful Bell measurements in linear optics can be improved to different extents using ancillary resources -such as Bell Pairs [10] or single photons [11] . As the Type-II fusion gate is in essence a rotated Bell measurement, they can also be improved, thereby giving some control over the success probability of the fusion gate -at the cost of some experimental overhead. However, the success probabilities are set to be of the form 1 − 2 −n , n ∈ N [10] and cannot take other values. In this work, we reduce the resources required for building a cluster by using these improvements to boost the fusion gates so that their success probability is 75%. By doing this we are able to reduce the microcluster size needed to 3-photon GHZ state, while still obtaining a very good scaling of the entire scheme.
In figure 1 we present the Type-II boosted gate. This proposal is based on work by [10] and requires one Bell pair to boost the success probability to 75%. All the photons are measured (the two input photons and the ancillary Bell state) and the success or failure of the gate is given by the detection pattern, albeit more complicated than the one used in the original Type-II fusion. 
BUILDING THE DIAMOND LATTICE
The phenomenon of percolation is studied in classical statistical mechanics and concerns the behaviour of connected clusters in graphs that have lost some of their bonds and/or sites due to a randomized process with a probability 1 − p. The main result that interests us is that above a certain threshold for p, there exists at least one spanning path from one side of the lattice to the other. And in fact, above the percolation threshold, most sites in the lattice will belong to a giant connected cluster that has a size that scales with the size of the lattice. There are therefore two very distinct phases of the system differentiated by a clear phase transition.In the context of one-way LOQC, the regular lattice corresponds to a highlyconnected cluster state, whose bonds/sites are effectively removed due to failure of probabilistic entangling gates together with photon loss. The percolation threshold marks a phase transition in the computational power of the resource state generated [12] , which, assuming BQP =BPP,distinguishes the states that can be used for universal quantum computation from those which cannot.
Thus, our aim is to build a regular cluster with a low percolation threshold. We want the cluster to be regular not only because that facilitates the computation later on, but also because it implies that it can be built with a static scheme. Ideally we would have a resource state source (GHZ states in this case) that feeds into a static linear optical network. The fusion gates needed to build first the microclusters that will go in each site of the lattice and then the final cluster state are performed independently of the success or failure of other fusions. In fact, all fusions could be performed in the same time step. The advantage of this scheme is that it doesn't require multiplexing or feedforward, which speeds up the construction process and lowers the loss rate of each photon.
Even though for UQC we only need a 2-dimensional cluster state, the percolation thresholds for 2D lattices are relatively high, and given that we have to account for the effect of probabilistic entangling gates and loss of qubits, 2D graphs become quite impractical and 3D lattices show much better prospects. However, the correlation number of each site in a 3D lattice is on average bigger than on a 2D lattice and therefore the construction of 3D lattices is more difficult as we have to use more entangling operations per site. The diamond lattice is the 3D lattice with the lowest vertex degree, namely 4, and yet it shows reasonable percolation properties (in fact much better than the 2D square lattice, which has the same correlation number per site in the lattice [13] ). However, as it will be shown later (see figure 3 and 5) , the nature of the our scheme is very different to other statistical models, as failure of the gates produces correlated bond losses and appearance of bonds that do not belong to the diamond lattice form, and we cannot employ existing analytic or numerical results.
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Layout of a layer of the diamond graph using 3-photon GHZ states as input. The legend at the bottom of the figure shows how each photon in the GHZ state is used for (only 1 out of 9 photons remains in the final cluster).There are two types of rotated fusion Type-II gate will be used, which are described by the orange and ochre circles. In figures 3 and 4 their effect on the GHZ states is described.
The internal structure of a diamond lattice can equivalently be seen as a "brickwork" in three dimensions (Fig. 2 ) . This picture is useful when arranging the microclusters prior to fusion, as all bonds then lie in one of three orthogonal directions. The diamond lattice is formally isotropic, however its brickwork depiction is not, there is a greater average connectivity in the X direction and thus a preferred direction for percolation. We also optimized the process by which the lattice is generated (figs 3 and 4) to take advantage of this anisotropy.
In figure 2 we can see how the GHZ states are arranged to create the brickwork structure. For each site in the final lattice, we use three 3-GHZ states to create a five-qubit microcluster. Each microcluster is created by performing two rotated Type-II fusion gates [3] , as described in figure 3 . The 5-star microcluster will be created when both fusions succeed, however in the case of failure, we can still use the outcomes to create connectivity in the lattice. When one of the fusion gates fails, we create a 3-photon star cluster, and the other two photons are projected onto an EPR pair. As the creation of the cluster proceeds, the same fusion operation is always used, independent of the success or failure of previous gates. Even when the fusion operations fail, extra connections appear in the lattice increasing its connectivity and lowering the percolation threshold. In the case where we have formed a 5 qubit star graph state, all the qubits in the exterior are equivalent, however in the cases where failures have happened, the way in which we arrange those external qubits affects the connectivity of the lattice. We have shown in figure 3 the arrangement that is most suitable for our scheme and that allows us to obtain a lower percolation threshold. 
RESULTS
To assess the percolation properties of a lattice built in this way, we use a Monte Carlo simulation in which we produce instances of the lattice and find if there exists a percolating cluster. In each independent run, the algorithm builds the lattice sequentially simulating the action of the success and failure of the fusion gates. By doing this instead of simply deleting nodes of a perfectly formed lattice, we achieve a much more realistic picture of what the lattice will look like and also get an idea of the information the classical percolation algorithm will be feeding from. For each set of parameters the simulation is run 10 4 times to ensure that the statistical error in the data is 1%.
Instance of the percolated cluster (10x3x3), highlighted in blue is the spanning cluster.In addition to the orthogonal bonds which are expected in the canonical brickwork lattice, we see some diagonal bonds -these are the result of failed fusions during the creation of microclusters.
In figure 5 we see an instance of the lattice, where the percolating cluster is highlighted in blue and the smaller clusters that do not belong to the percolating cluster are in orange. Here we can see why this lattice is not the typical percolated diamond lattice (even when expressed as brickwork). The failures of some of the fusion gates produce correlated bond losses together with the appearance of new diagonal bonds that can be seen in the figure. It must be noted that the presence or absence of the bonds will be known from the pattern of successes and failures of the fusion gates. Thus in any experimental set up, the structure of the percolated lattice could be inferred by a simple classical algorithm.
Finding the Percolation threshold
Let us define Π (p, L) as the probability that a lattice of linear dimension L percolates when built with fusion gates that succeed with probability p. In the case of the infinite lattice we would have that Π = 0 if p < p c and Π = 1 if p > p c , however in the case of a finite lattice Π(p) for a set L will be a smooth function instead of the Heaviside step function due to finite-size corrections.
To find the percolation threshold without making any assumptions about the functional form of Π(p, L) we use known results about the critical point in the context of renormalization. The basic idea of renormalization is the self-similarity of the lattice at the critical point (percolation threshold) [14] . The correlation length , ξ ,can be defined as the typical cluster diameter, it diverges at the percolation threshold as that is the point where the infinite cluster first appears [15] and it grows monotonically with the occupancy p. What this means is that the size of any cluster at the percolation threshold is much smaller than the correlation length at the percolation threshold (which is infinite) and therefore all the clusters are similar to each other in an average sense.
When performing renormalization on a lattice, we replace a cell of the lattice (that involves many sites) by a supersite, provided that the linear dimension of the cell b is much smaller than the correlation length of the lattice ξ. At the percolation threshold, because of the self-similarity of large lattices, the properties of a renormalized lattice will be the same as the original lattice and therefore we will have Π(p c , L) = Π(p c , L/b). That is to say that the value of Π(p c , L) does not depend on the renormalization parameter and must therefore have the same value for all lattices of different size but with the same shape and dimension. We can thus conclude that to calculate the percolation threshold when we only have access to data in finite lattices, we should obtain values of Π(p, L) for different p and L i and we find the threshold by estimating were the functions of Π(p, L i ) intersect. We perform the simulation by generating instances of the lattice with fusion success probability p. In figure 6 we have represented the results for lattices of linear dimension L = 15, 20, 25 (we have generated cubes of the lattice with side length equal to L), which means that in each instance we are attempting to fuse 10125, 24000 and 46875 GHZ states respectively. We find that the value for the percolation threshold can be estimated to p c 0.625. This is very promising, as it means that the lattices built with the boosted fusion gates we propose for the scheme, which have a success probability of 75%, are well above the percolation threshold and therefore universal for quantum computing.
It must be noted that the boosted gates we have presented, we cannot achieve the entire range of success probabilities that we consider in our numerical simulations. But the exercise of analysing all the values for p gives us insight into the behaviour of the model and allows us to find the percolation threshold for this scheme. The approach we have taken in this work has the intention of solving a difficulty in the generation of a cluster state in LOQC, but this model could be applied to any other physical system with probabilistic gates.
A single qubit channel
In traditional MBQC, a single qubit is replaced by a linear cluster in order to perform all the operations and when two-qubit operations are required, bonds are created between the different linear clusters. In a paradigm where the creation of entanglement between qubits is probabilistic (such as in LOQC)we can imagine using a three-dimensional section of the cluster state described here to implement a single functional qubit -equivalent to the linear cluster used to represent a single qubit in MBQC. So long as the percolated cluster is above threshold, information can flow through the channel, allowing the computation to progress. We can then ask the question of how many operations can we perform on this single qubit , or alternatively, if we are using the channel as a memory, how long can we store the qubit for. The channel will be ideally a piece of the cluster, with a certain width and height, and a length that would suit our computational or storing needs. The cross section (width and height) of this cluster is directly related to its percolation properties in the length direction, the bigger the cross section the higher the percolation probability. The question is now for a given length, how big do we need the cross section to be in order to have a probability of percolation higher than a particular value (say for example 90%). In figure 7 we show the probability of the cluster percolating for different cross sections as a function of the length. We have chosen square cross sections because in preliminary simulations this geometry performed better than rectangular shaped cross sections.
As we can see from figure 7, for a cross section of 6 by 6, we can make the cluster very long in comparison. Interpolating the data points we find that with a cross section of this size we have more than 90% probability of percolation in cluster up to 9000 qubits in length.
One can imagine building a long piece of cluster (such as the ones we study in figure 7 ) by performing all the fusions at once, or performing the fusions in cubic pieces first and then fusing these cubic pieces. Because all the fusions are independent of each other, these two procedures are equivalent. The second alternative is in in fact a renormalization procedure such as it is described in [4] where each cubic piece would be a renormalized qubit, and therefore figure 7 shows that under such a renormalization, the cluster would percolate. 
Tolerance to loss
A question that naturally arises in large-scale schemes for LOQC is tolerance to photon loss. By analysing how much heralded loss our model can tolerate, we can obtain an upper bound for the loss tolerance in the unheralded case, which is the most significant for experimental set ups. Each qubit has a probability p l of being lost, to simulate this an algorithm goes through each node of the lattice (after it was been created with the probabilistic gates) and decides for every node whether it is lost or not. In the MBQC model, if we knew a qubit was lost, the simplest way to deal with it would be to measure all its neighbours in the Z basis to cut the qubit out of the lattice. To simulate this, whenever one of the qubits in the simulation is marked as lost, we delete all the connections to this qubit and to any of its neighbours, therefore isolating them and making sure they don't form part of the spanning path. In figure 8 , we can see the loss tolerance of a cubic lattice of L = 25 in blue, in orange we have highlighted the constant success probability of 90% for comparison. The success probability of the fusion gates used has been taken to be 75% as that is the lowest boosting and the one proposed for this scheme. As we can see, the probability or having a spanning path is larger than 90% for loss rates of up to 15%. This is an improvement on the numerical results reported in [4] .
CONCLUSIONS
We have presented a ballistic scheme for the construction of a linear optical cluster state that is universal for MBQC. To implement this scheme with only 3-photon GHZ as resources we have proposed a boosted fusion mechanism based on [10] that works with 75% probability, which is well above the percolation threshold (p c = 62.5%) we obtain for this lattice. We have shown the robustness of the scheme in the presence of small amounts of heralded photon loss (up to 15%) and its favourable resource scaling. Even though this scheme was devised with linear optics in mind, it applies for any physical system with probabilistic gates, and if that probability is higher than 75% it might be conceivable that the resources needed could be reduced even further.
For this scheme to work experimentally, we would need a deterministic 3-photon GHZ source. It is not yet know what is the optimal way of producing these photonic states, it could be by multiplexing a linear optical circuit such as the one proposed in [8] using a similar scheme to the multiplexed single photon source such [16] , or by producing a 3-photon linear cluster (local Clifford equivalent to a GHZ) with a quantum dot [17] . Although linear optical circuits can achieve low noise rates, to achieve large scale computation in an experimental setting, the scheme would need to include error correction to ensure tolerance to noise and unheralded loss. It is remains an important challenge for percolation-based linear optical schemes to incorporate full fault tolerance, e.g. by embedding error correcting codes and structures in the lattice.
